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3. Definition of Gramians
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COMPUTATIONAL METHODS IN « s, . .
FN?ATECH svstems anp controL theory - BQO definition and motivation

m A bilinear time-invariant system with quadratic outputs abbreviated as BQO,
¥ =(A,B,C,N,M) is a dynamical system given by the following set of
differential equations:

Xx(t) = Ax(t) + Nx(t)u(t) + Bu(?),
y(t) = Cx(t) + x " (t)Mx(t). (1)
where x(t) € R",y(t) € R and u(t) € R.
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FN?ATECH svstems anp controL theory - BQO definition and motivation

m A bilinear time-invariant system with quadratic outputs abbreviated as BQO,
¥ =(A,B,C,N,M) is a dynamical system given by the following set of
differential equations:

Xx(t) = Ax(t) + Nx(t)u(t) + Bu(?),
y(t) = Cx(t) + x " (t)Mx(t). (1)
where x(t) € R",y(t) € R and u(t) € R.

m When does one encounter such systems?
1. Studying “energies" of a bilinear system.
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FN%TECH svstems anp controL theory - BQO definition and motivation

m A bilinear time-invariant system with quadratic outputs abbreviated as BQO,
¥ =(A,B,C,N,M) is a dynamical system given by the following set of
differential equations:

Xx(t) = Ax(t) + Nx(t)u(t) + Bu(?),
y(t) = Cx(t) + x " (t)Mx(t). (1)
where x(t) € R",y(t) € R and u(t) € R.

m When does one encounter such systems?

1. Studying “energies" of a bilinear system.

2. Some bilinear port Hamiltonian systems occur as BQO systems. For
example, let H(z) = %XTQX,T(JI) = Nx. Then the bilinear port
Hamiltonian system,

x=(J—-R)VH(z) + T(z)u
y = T(x)"Qx

is actually a BQO system!
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Bilinear (linear output)

x(t) = Ax(t) + Nx(t)u(t) + Bu(t),
y(t) = Cx(t).

$hil = (A, B, C, N, 0)

m The BQO system is a generalisation of the linear system with quadratic
output and bilinear system (with linear output).
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Q;z; ; COMPUTATIONAL METHODS IN .
VIRGINIA TECH [B SYSTEMS AND CONTROL THEORY ~Some key observations

Bilinear (linear output)

x(t) = Ax(t) + Nx(t)u(t) + Bu(t),
y(t) = Cx(t).

$hil = (A, B, C, N, 0)

m The BQO system is a generalisation of the linear system with quadratic
output and bilinear system (with linear output).

1. We obtain a bilinear system when M = 0.
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Bilinear (linear output)

x(t) = Ax(t) + Nx(t)u(t) + Bu(t),
y(t) = Cx(t).

$hil = (A, B, C, N, 0)

m The BQO system is a generalisation of the linear system with quadratic
output and bilinear system (with linear output).

1. We obtain a bilinear system when M = 0.
2. We obtain a LQO system by setting N = 0.
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Bilinear with quadratic output (BQO) Bilinear (linear output)
x(t) = Ax(t) + Nx(t)u(t) + Bu(t), x(t) = Ax(t) + Nx(t)u(t) + Bu(t),
y(t) = Cx(t) + x " (t)Mx(t). y(t) = Cx(t).

¥BQO = (A B, C,N, M) s =(A,B,C,N,0)

m The BQO system is a generalisation of the linear system with quadratic
output and bilinear system (with linear output).

1. We obtain a bilinear system when M = 0.
2. We obtain a LQO system by setting N = 0.

m Notice that the state equations and solutions for x(t) are the same for BQO
and bilinear systems.
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Bilinear with quadratic output (BQO) Bilinear (linear output)
x(t) = Ax(t) + Nx(t)u(t) + Bu(t), x(t) = Ax(t) + Nx(t)u(t) + Bu(t),
y(t) = Cx(t) + x " (t)Mx(t). y(t) = Cx(t).

¥BQO = (A B, C,N, M) s =(A,B,C,N,0)

m The BQO system is a generalisation of the linear system with quadratic
output and bilinear system (with linear output).

1. We obtain a bilinear system when M = 0.
2. We obtain a LQO system by setting N = 0.

m Notice that the state equations and solutions for x(t) are the same for BQO
and bilinear systems.

m As a result, the reachability Gramian for the BQO system is the same as that
for the corresponding bilinear system (BQO system with M = 0).
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m Recall the BQO state equation given by, %(t) = Ax(t) + Bu(t) + Nx(t)u(t)
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m Recall the BQO state equation given by, %(t) = Ax(t) + Bu(t) + Nx(t)u(t)
m Let x(t) = >°77, xx(t) with the equations for x;. given below, (see [Rugh, 1981])

5(1 (t) = AX1 (t) + Bu(t)

Xk(t) = Axy (t) + kafl(t)u(t) for k > 1.
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m Recall the BQO state equation given by, %(t) = Ax(t) + Bu(t) + Nx(t)u(t)
m Let x(t) = >°77, xx(t) with the equations for x;. given below, (see [Rugh, 1981])

5(1 (t) = AX1 (t) + Bu(t)

Xk(t) = Ax; (t) + kafl(t)u(t) for k > 1.
m Solving recursively gives us,
t
x1(t) = / AT Bu(r)dr
0

xg(t) = /0 t ACINx oy (T)u(r)dr  for (k> 1)
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m Recall the BQO state equation given by, %(t) = Ax(t) + Bu(t) + Nx(t)u(t)
m Let x(t) = >°77, xx(t) with the equations for x;. given below, (see [Rugh, 1981])

5(1 (t) = AX1 (t) + Bu(t)

Xk(t) = Axy (t) + kafl(t)u(t) for k > 1.

m Solving recursively gives us,
t
x1(t) =/ AT Bu(r)dr
0
t
() = / ANy, (F)u(r)dr  for (k > 1)
0

m Summing up the x;, terms we get,

t ot
x(t):/0 eA(tff)Bu(T)dT—l—Z/o ANy (T)u(r)dr
k=2
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m Using x(t) = >.°°, x;(t), the expression y(t) = Cx(t) +x ' (t)Mx(t) becomes,

y®) =C Y x () + 3 D xi (1) Mx; (1)

k=1 i=175=1
. o
_ / CAtB U, (1)dt + / CeANNAR2 B Uy (1) dt + . ..
Ky (1) Ko (ty,t2)

oo T oo T
+/ B A theAtZBUm(t)dtJr/ B A MMARNABBU, 5(t)dt + . ..
0 S— 0

Ky q(t1,t2) Ky o(t1,t2,t3)
oo T T
+/ BTA INT A 2 MABB U, (1)dt + ... @)
0

Ko 1 (t1,t2,t3)
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m Using x(t) = 3%, x:(t), the expression y(t) = Cx(t) +x ' (t)Mx(t) becomes,

y() =C > xp (1) + > > x(1) T Mx; (1)

k=1 i=1j=1
oo o0
:/ CeAlB Ul(t)dt+/ CeAtINeAL2 B Uy ()dt + . . .
Ky (1) Ko(ty,t2)

oo T oo T
+/ B A theAtZBUM(t)dt-r/ B A MMARNABBU, 5 (t)dt + . ..
0 S— 0
Ky 1(t1,t2) Ky 2(t1,t2,t3)
oo T T
+/0 BTeA NINTA 2MeABB U, (H)dt + ... (2)

Ko 1(t1,t2,t3)

m The general expression for K; ; and Ky, is given as,

T Ty, . L
Ki;=BTe® * NT ... N' ¢ ‘Mt N...N ¢*+B
———— ——
(i—1) NT terms (7—1) N terms
K, =Ce® N...N A*B
——

(k—1) N terms
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m Using x(t) = >.°°, x:(t), the expression y(t) = Cx(t) +x ' (t)Mx(t) becomes,

y(£) = C D xp(t) + > S xi (1) Mxj(t)
k=1

i=15=1

oo o0
- / CeAtB Ul(t)dt+/ CeAINAL2B U, (1)dt + . ..

Ky (t) Ko (ty,t2)
oo T [=S] T
+/0 B A f1nMeAt2 1,1(t)dt+/0 B A IMeAt2NAL To(D)dt+ ...
1,1(t1,t2) 1,2(t1,t2,t3)

oo T T
+/0 B A NT A W-s—... (2)
/Kﬂ:tzvig)

m sanity check: Set M = 0 (bilinear case)
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m Using x(t) = 3%, x:(t), the expression y(t) = Cx(t) +x ' (t)Mx(t) becomes,

y() =C > xp (1) + >0 S xi (1) Mx (1)
k=1

i=15=1

oo o0
= / CeAB U, (1)dt +/ CeAliNeAl2B
0 N~ 0
Ky (1) 2(t1,t2)
oo T oo T
+ / BTeA IMeAR2B U,  (1)dt +/ B e tiMeAt2NAL Ta(t)dt + ...
Ky 1(t1,t2) /Kﬂ:ﬁzy%)

oo T T
+/0 B A INTA W+... (2)
/Rﬂ:wvfs)

m sanity check: Set M = 0 (bilinear case) or N = 0 (LQO case)
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m Using x(t) = >.°°, x;(t), the expression y(t) = Cx(t) +x ' (t)Mx(t) becomes,

y®) =C Y x () + 3 D xi (1) Mx; (1)

k=1 i=175=1
. o
_ / CAtB U, (1)dt + / CeANNAR2 B Uy (1) dt + . ..
Ky (1) Ko (ty,t2)

oo T oo T
+/ B A theAtZBUm(t)dtJr/ B A MMARNABBU, 5(t)dt + . ..
0 S— 0

Ky q(t1,t2) Ky o(t1,t2,t3)
oo T T
+/ BTA INT A 2 MABB U, (1)dt + ... @)
0

Ko 1 (t1,t2,t3)

m sanity check: Set M = 0 (bilinear case) or N = 0 (LQO case)

m The components can be labelled with indices i, j running from (1,2,..., 00)
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Definition [P./Gosea/Pontes Duff/Benner '24]

Let Q°" be the bilinear Gramian which satisfies
ATQY + QYA+ NTQN+CTC =

and Q;,; be defined as

f’ (tl, cey ) = Atka,k 1 where P1(t1) = eAtlB,
15(t1, . t4) = A tJ+1MP
0.5 (1,

yligg) = eA tiHNTQi_L]‘ (fori > 1)
Qisj = / .../ Ql,gQI]dtl...dtl+J
0 0

Then the observability Gramian Q is given by Q = Q"'+ 377, 3%, Qi ;.

ishp@vt.edu Balanced Truncation for BQO systems


mailto:reetishp@vt.edu

COMPUTATIONAL METHODS IN .
VIRGINIATECH svstems ano controL heory  BQO Gramian components

osea/Pontes Duff/Benner '24]

Let Q°" be the bilinear Gramian which satisfies
ATQY + QYA+ NTQN+CTC =
and Q;,; be defined as

Jtia1) = e UHMP,

D)

15 (tl, R k) = Atklek71 where f’l(tl) = eAtlB,
1,5 (t1,
0,5 (t1,

r‘r]) = A tl+]NTQ1 1,7 (for 7> 1)

Qi,j — / t / Qi,jszdtl e dti+j
0 0

Then the observability Gramian Q is given by [ Q = Qb" <F Z Z Qi

i=1 j=1
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osea/Pontes Duff/Benner '24]

Let Q°" be the bilinear Gramian which satisfies
ATQY + QYA+ NTQN+CTC =
and Q;,; be defined as

te) = AT THMP,

D)

15 (tl, R k) = Atka,k71 where lsl(tl) = eAtlB,
1,5 (t1,
0,5 (t1,

ytivg) = A PN Qi (fori>1)

Qi,j — / t / Qi,jszdtl e dti+j
0 0

Then the observability Gramian Q is given by [ Q = Qb" <F Z Z Qi

i=1 j=1

m Each Q;; component satisfies its own matrix equation. For example,
A'Qi;+QiA+N'Q 1 ;N=0 (fori>1)
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Gramians and Lyapunov equations

Theorem ([P./Gosea/Pontes Duff/Benner '24])

The observability Gramian Q for the BQO system ¥ = (A, B, C, N, M) satisfies
the following linear matrix equation,

ATQ+QA+MPM+N'QN+C'C=0 (3)

where P is the reachability Gramian for BQO systems which satisfies,

AP+PAT +NPN'T +BB' =0.

(4)

Reetish Padhi reetishp@vt.edu

Balanced Truncation for BQO systems


mailto:reetishp@vt.edu

:; 2; i COMPUTATIONAL METHODS IN
H SYSTEMS AND CONTROL THEORY
VIRGINIATECH H

Gramians and Lyapunov equations

Theorem ([P./Gosea/Pontes Duff/Benner '24])

The observability Gramian Q for the BQO system ¥ = (A, B, C, N, M) satisfies
the following linear matrix equation,

ATQ+QA+MPM+N'QN+C'C=0 (3)

where P is the reachability Gramian for BQO systems which satisfies,

AP+PAT +NPN'T +BB' =0.

(4)

m Q can be derived by computing the reachability Gramian for the dual
system similar to [Benner/Goyal '24].
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Gramians and Lyapunov equations

Theorem ([P./Gosea/Pontes Duff/Benner '24])

The observability Gramian Q for the BQO system ¥ = (A, B, C, N, M) satisfies
the following linear matrix equation,

ATQ+QA+MPM+N'QN+C'C=0 (3)

where P is the reachability Gramian for BQO systems which satisfies,

AP+PAT +NPN'T +BB' =0.

(4)

m Q can be derived by computing the reachability Gramian for the dual
system similar to [Benner/Goyal '24].

m It can be shown that the nullspace of Q corresponds to the unobservable
subspace of the BQO system.
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Part - 1lI: Model order reduction

Balanced Truncation

m Originally introduced in:
Principal component analysis in linear systems: Controllability, observability, and
model reduction, B. Moore, IEEE Transactions on Automatic Control, 26 (1), 1981.
and
Model reduction via balanced state space representations , L. Pernebo, L.
Silverman, IEEE Transactions on Automatic Control, 27 (2), 382-387, 1982.
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m Find T (balancing transform) such that the Gramians of the transformed
system are equal and diagonal (balanced).
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COMPUTATIONAL METHODS IN .
?N?ATECH svstems anp controL theory  Essence of Balanced Truncation

m Find T (balancing transform) such that the Gramians of the transformed
system are equal and diagonal (balanced).

m Now consider the balanced (P = Q) system:

A11 A12 Mll M12
A = ’M - 7C - C C ?
[ Az Ag ] [ My, Mas } [C G ]
Ni; Ny Si B,
N —= = B — . 5
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m Find T (balancing transform) such that the Gramians of the transformed
system are equal and diagonal (balanced).

m Now consider the balanced (P = Q) system:

A11 A12 Mll M12
A = ’M - 7C - C C ?
[ Az Ag ] [ My, Mas } [C G ]
Ni; Ny Si B,
N —= = B — . 5

m The subsystem EEQO = (A11,B1,Cq,Ny1, M) is the reduced order
model of B0 where A;; € R™*".
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E COMPUTATIONAL METHODS IN .
?N%TECH svstems anp controL theory  Essence of Balanced Truncation

m Find T (balancing transform) such that the Gramians of the transformed
system are equal and diagonal (balanced).

m Now consider the balanced (P = Q) system:

All A12 Mll M12
A= M= c=[C C],
[ Az Ag } [ My, Mas } [C G ]
Ni; Ny Si B,
N —= = B — . 5

m The subsystem EEQO = (A11,B1,Cq,Ny1, M) is the reduced order
model of B0 where A;; € R™*".

m It can be shown that S; is a generalized Gramian of the reduced BQO
system, i.e., it satisfies the following inequality,

Airlsl + SlAll + M11S1M11 + CICl + NirlSlNll < 0.

Reetish Padhi reetishp@vt.edu
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m Balanced truncation for Quadratic bilinear (QB) systems and linear systems
with quadratic output (LQO) have been shown in [Benner/Goyal '24] and
[Benner/Goyal /Pontes Duff '20].
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m Balanced truncation for Quadratic bilinear (QB) systems and linear systems
with quadratic output (LQO) have been shown in [Benner/Goyal '24] and
[Benner/Goyal /Pontes Duff '20].

m We follow a similar recipe to obtain the balanced truncation counterpart for
BQO systems.
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Q; 2; COMPUTATIONAL METHODS IN B I d t t_
VIRGINIA TECH : SYSTEMS AND CONTROL THEORY a ance runca lon

m Balanced truncation for Quadratic bilinear (QB) systems and linear systems
with quadratic output (LQO) have been shown in [Benner/Goyal '24] and
[Benner/Goyal /Pontes Duff '20].

m We follow a similar recipe to obtain the balanced truncation counterpart for
BQO systems.

m We have already seen how to obtain P, Q, i.e., by solving matrix equations.
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m Balanced truncation for Quadratic bilinear (QB) systems and linear systems
with quadratic output (LQO) have been shown in [Benner/Goyal '24] and
[Benner/Goyal /Pontes Duff '20].

m We follow a similar recipe to obtain the balanced truncation counterpart for
BQO systems.

m We have already seen how to obtain P, Q, i.e., by solving matrix equations.

m The square root method has the advantage over the ‘naive’ method in that
we do not have to compute the balancing transform matrix which tends to
be ill-conditioned.
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m Let U, L be square factors of the Gramians, i.e., P=UUT and Q = LL".
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Q:? 27 COMPUTATIONAL METHODS IN .
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m Let U, L be square factors of the Gramians, i.e., P=UUT and Q = LL".
m Compute the truncated SVD of matrix L " U:

L'U= [z, Z] [Sl 52] [YT
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VIRGINIA TECH SYSTEMS AND CONTROL THEORY Square_root BT algonthm

m Let U, L be square factors of the Gramians, i.e., P=UUT and Q = LL".
m Compute the truncated SVD of matrix L " U:

, T
L'U=[Z Z] [Sl SHYl } S1 € R™"
2

m Construct the model reduction bases
W, =LZ;S;"/? and V, = UY;S; /2.

ishp@vt.edu Balanced Truncation for BQO systems
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Q:? 27 : COMPUTATIONAL METHODS IN .
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m Let U, L be square factors of the Gramians, i.e., P=UUT and Q = LL".
m Compute the truncated SVD of matrix L " U:

L'U= [z, Z] [Sl 52] [YT

m Construct the model reduction bases
W, =LZ;S;"/? and V, = UY;S; /2.

m The matrices of reduced-order balanced system X, are given by
A, =W AV, =822 (LTAU) Y8712,
B, =W, B =8,"2Z] (L'B),
C,=CV, = (CU)Y,S] "2,
N, = W NV, =8;*2] (L'NU) Y8/,
M, = VMV, = §72Y] (UTMU) Y, 8772,
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m The matrix equations for P, Q are not standard, but generalized Lyapunov
equations, due to the NPNT and NTQN term respectively.
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m The matrix equations for P, Q are not standard, but generalized Lyapunov
equations, due to the NPNT and NTQN term respectively.

m The solutions of the matrix equations for P, Q involve using iterative
methods like ADI solvers which can be expensive and may potentially have
some convergence issues. (Method 1)
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m The matrix equations for P, Q are not standard, but generalized Lyapunov
equations, due to the NPNT and NTQN term respectively.

m The solutions of the matrix equations for P, Q involve using iterative
methods like ADI solvers which can be expensive and may potentially have
some convergence issues. (Method 1)

m Each of the components for Q have specific matrix equations.
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m The matrix equations for P, Q are not standard, but generalized Lyapunov
equations, due to the NPNT and NTQN term respectively.

m The solutions of the matrix equations for P, Q involve using iterative
methods like ADI solvers which can be expensive and may potentially have
some convergence issues. (Method 1)

m Each of the components for Q have specific matrix equations.

m Consider Qg1 for example, e.g.,
ATQ21 + Q1A+ N'QIN=0

The equation for Q2 1 becomes a Lyapunov one, once Q1 is known!
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m The matrix equations for P, Q are not standard, but generalized Lyapunov
equations, due to the NPNT and NTQN term respectively.

m The solutions of the matrix equations for P, Q involve using iterative
methods like ADI solvers which can be expensive and may potentially have
some convergence issues. (Method 1)

m Each of the components for Q have specific matrix equations.

m Consider Qg1 for example, e.g.,
ATQ21 + Q1A+ N'QIN=0

The equation for Q2 1 becomes a Lyapunov one, once Q1 is known!

In theory, we could solve infinite Lyapunov equations to get Q. Alternatively, we
can approximate Q by only solving the first few significant ones! (Method 2)
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We define the truncated Gramians P and Q. as,

P, =P, + P, (see [Benner/Goyal/Redmann '17])
Q- =QY+QY+ Q11+ Qi2+ Qa1+ Qa2

where the RHS terms are the first few components of P, Q respectively.

m We solve for the terms - Py, Py, Q%! Q5 Q1,1, Q12 in that order to ensure

that we only need to solve Lyapunov equations.
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Definition

We define the truncated Gramians P and Q. as,

P, =P, + P, (see [Benner/Goyal/Redmann '17])
Q- =QY+QY+ Q11+ Qi2+ Qa1+ Qa2

where the RHS terms are the first few components of P, Q respectively.

m We solve for the terms - Py, Py, Q%! Q5 Q1,1, Q12 in that order to ensure

that we only need to solve Lyapunov equations.

m Now, by replacing P, Q with P, Q. in the square root BT algorithm, we can
obtain our reduced matrices.

Reetish Padhi reetishp@vt.edu Balanced Truncation for BQO systems


mailto:reetishp@vt.edu

W : COMPUTATIONAL METHODS IN T t d G .
VIRGINIA TECH : SYSTEMS AND CONTROL THEORY runca e ramlans

We define the truncated Gramians P and Q. as,

P, =P, + P, (see [Benner/Goyal/Redmann '17])
Q- =QY+QY+ Q11+ Qi2+ Qa1+ Qa2

where the RHS terms are the first few components of P, Q respectively.

m We solve for the terms - Py, Py, Q%! Q5 Q1,1, Q12 in that order to ensure
that we only need to solve Lyapunov equations.

m Now, by replacing P, Q with P, Q. in the square root BT algorithm, we can
obtain our reduced matrices.

m More truncation terms imply a better approximation of P, Q!
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Method 1 Method 2
= Solve: = Solve 6 Lyapunov equations
AP +PAT +NPN'T +BB' =0 corresponding to -
ATQ+QA+MPM+NQN+C'C =0. P1,P2, QY Q5 Q1.1,Qu .2,

respectively.
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Method 1 Method 2
= Solve: = Solve 6 Lyapunov equations
AP +PAT +NPN'T +BB' =0 corresponding to -
ATQ+QA+MPM+NQN+C'C =0. P1,P2, QY Q5 Q1.1,Qu .2,

respectively.

m ADI solvers = MATLAB - lyapchol
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Method 1 Method 2
= Solve: = Solve 6 Lyapunov equations
AP +PAT +NPN'T +BB' =0 corresponding to -
ATQ+QA+MPM+NQN+C'C =0. P1,P2, QY Q5 Q1.1,Qu .2,
respectively.
m ADI solvers = MATLAB - lyapchol
m Expensive m Cheap to compute
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Method 1

m Solve:
AP +PAT + NPNT +BBT =0

ATQ+QA+MPM+N'QN+C'C =0.

= ADI solvers
m Expensive

m Use full Gramians (P, Q) to compute
projection matrices

Method 2

Solve 6 Lyapunov equations
corresponding to -

P1>P27 ll)llv |2)II7Q1,17Q1,21
respectively.

MATLAB - lyapchol
Cheap to compute

Use truncated Gramians (P-, Q)
to compute projection matrices
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Method 1

m Solve:
AP +PAT + NPNT +BBT =0

ATQ+QA+MPM+N'QN+C'C =0.

= ADI solvers
m Expensive

m Use full Gramians (P, Q) to compute
projection matrices

m Balanced truncation with full Gramians -
BT

Method 2

Solve 6 Lyapunov equations
corresponding to -

P1>P27 ll)llv |2)II7Q1,17Q1,21
respectively.

MATLAB - lyapchol
Cheap to compute

Use truncated Gramians (P, Q;)
to compute projection matrices

Balanced truncation with
truncated Gramians - truncBT

Reetish Padhi reetishp@vt.edu Balanced Truncation for BQO systems


mailto:reetishp@vt.edu

SYSTEMS AND CONTROL THEORY

:; z; COMPUTATIONAL METHODS IN

VIRGINIA TECH

Part - IlIl: Numerical Results

Reetish Padhi reetishp@vt.e Balanced Trunc n for BQO systems


mailto:reetishp@vt.edu

:; z; COMPUTATIONAL METHODS IN H f d I
: SYSTEMS AND CONTROL THEORY
VIRGINIA TECH [ eat transfer mode

Heat equation in a square [0, 1]? [Benner/Damm '11]

o x = Az, in(0,1) x (0,1),

n-Vr =0.8ux only,
T = us, onT'y,
r = 0, on F37F47

m The boundary I'y has a bilinear term.
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Heat equation in a square [0, 1]? [Benner/Damm '11]

o x = Az, in(0,1) x (0,1),

n-Vr =0.8ux only,
T = us, onT'y,
r = 0, on F37F4,

m The boundary I'y has a bilinear term.

m A semi-discretization in space using finite differences with k = 15 grid points
results in a bilinear system of dimension n = 225 of the form

x(t) = Ax(t) + Nx(t)u(t) + Bu(t), x(0) = 0.
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Heat equation in a square [0, 1]? [Benner/Damm '11]

o x = Az, in(0,1) x (0,1),

n-Vr =0.8ux only,
T = us, onT'y,
r = 0, on F37F4,

m The boundary I'y has a bilinear term.

m A semi-discretization in space using finite differences with k = 15 grid points
results in a bilinear system of dimension n = 225 of the form

x(t) = Ax(t) + Nx(t)u(t) + Bu(t), x(0) = 0.

m We choose M to be a tridiag(—0.33,0.67, —0.33) matrix with entries and C
as a row vector with each entry = 0.0044.
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Heat equation in a square [0, 1]? [Benner/Damm '11]

o x = Az, in(0,1) x (0,1),

n-Vr =0.8ux only,
T = us, onT'y,
r = 0, on F37F4,

m The boundary I'y has a bilinear term.

m A semi-discretization in space using finite differences with k = 15 grid points
results in a bilinear system of dimension n = 225 of the form

x(t) = Ax(t) + Nx(t)u(t) + Bu(t), x(0) = 0.

m We choose M to be a tridiag(—0.33,0.67, —0.33) matrix with entries and C
as a row vector with each entry = 0.0044.

m Construct reduced systems of order » = 30 for both BT and TruncBT.
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Singular values of the FOM and ROMs
T
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FOM (red) versus trunc BT ROM (blue) versus BT ROM (yellow)

= FOM
251 © BT ROM (r=30) E
== *Trunc BT ROM (r=30)
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g 107 Absolute error
T T T T T

=== Trunc BT ROM
== BT ROM
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Key takeaways

1. Define BQO kernels using the Volterra series representation;

2. Taylor the BQO observability Gramian and express it as the solution of
(linear) matrix equations;

3. Extend Balanced truncation to BQO systems;

4. Propose truncated Gramians as an effective and ‘cheap’ alternative to
using the full Gramians.

Future directions

1. Relating Gramians with energy functionals (work in progress);

2. How do the neglected singular values relate to the error between the full
and reduced order models?
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